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Theory of dipole flow in uniform anisotropic aquifers 
Vitaly Zlotnik 
Department of Geology, University of Nebraska, Lincoln 
Glenn Ledder 
Department of Mathematics, University of Nebraska, Lincoln 
Abstract. A theory of dipole flow is developed to model flow induced by a vertical 
circulation well consisting of injection and extraction chambers in a single borehole. 
Included in the theory are an analytical description of the kinematic flow structure around 
a vertical circulation well and the drawdown in the well chambers. Using Stokes' stream 
function, simple criteria are derived to determine the region of intensive recirculation. 
This region extends (from the dipole center) approximately five distances between 
chamber centers in the radial direction and two distances between chamber centers in 
both vertical directions. The vertical scale does not depend on anisotropy of hydraulic 
conductivity, and the radial scale is corrected for anisotropic aquifers. Based on these 
estimates, criteria are given for the selection of the appropriate aquifer model to employ 
in five settings, including infinite, semi-infinite confined, semi-infinite unconfined, finite 
confined, and finite unconfined aquifers. Applications of dipole flow theory are given for 
analytical estimation of the capture zone for recirculation wells and for simultaneous 
measurement of horizontal and vertical hydraulic conductivity in uniform anisotropic 
aquifers using steady state measurements of drawdown in the well chambers. 
1. Introduction 
During the last few years, analysis of flow around recircula- 
tion wells has become an important issue in subsurface hydrol- 
ogy [Herrling et al., 1991; Gvirtzman and Gorelick, 1992; Kabala, 
1993; Falta, 1995]. A vertical circulation well is a vertical well 
consisting of two screened sections separated by an imperme- 
able casing, with a small pump circulating water between the 
upper and lower chambers. These devices induce a flow char- 
acterized by no net withdrawal of water from the aquifer; in the 
absence of ambient flow, streamlines proceed from the injec- 
tion chamber through the aquifer to the extraction chamber. 
Other types of recirculation wells are being explored [Gvirtz- 
man and Gorelick, 1992; Falta, 1995]. 
Flow induced by a combination of a point source (water 
injection) and a point sink (water extraction) is well known in 
hydrodynamics as a dipole flow [Milne-Thomson, 1960]. The 
flow field induced by recirculation wells differs somewhat from 
classic dipole flow because recirculation wells have finite ra- 
dius, chamber length, and chamber separation and are placed 
in a specific setting necessitating consideration of the geometry 
of aquifer boundaries and hydrogeological conditions. In the 
following the term "dipole flow" will be used to denote the 
flow field induced in an aquifer (in the absence of ambient 
flow) by a combination of either a point source and sink or a 
uniformly distributed line source and sink, with finite separa- 
tion between source and sink in both cases. Dipole flow pro- 
vides an idealized model for the flow induced by recirculation 
wells [Zlotnik and Ledder, 1994]. 
Recirculation wells are currently being studied primarily in 
the context of two applications. First, recirculation wells are 
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used for aquifer remediation [Herrling et al., 1991; Herrling and 
Stamm, 1992; Gvirtzman and Gorelick, 1992, 1993; Falta, 1995]. 
In this area, characteristics of major interest are the geometry 
of the recirculation flow pattern [Herrling and Stamm, 1992; 
Philip and Walter, 1992; MacDonald and Kitanidis, 1993] and 
the head difference between the chambers as a function of 
pump flow rate, well parameters, and aquifer characteristics. 
Second, vertical circulation wells are the basis of a proposed 
method for determining aquifer parameters from analysis of 
the transient pressure head drawdown [Kabala, 1993; see also 
Kabala and Xiang, 1992]. 
The use of a recirculation well for aquifer characterization 
offers some advantages over the standard single-borehole tech- 
niques. In order to characterize spatial heterogeneity in hy- 
draulic conductivity, hydraulic conductivity measurements on 
different spatial scales are needed. Typical examples of exten- 
sive studies at the Borden, Cape Cod, and Columbus sites of 
tracer tests combine pumping tests, slug tests, flowmeter tests, 
natural gradient tracer tests, use of permeameters, and grain- 
size analysis of disturbed samples [Sudicky, 1986; Hess et al., 
1992; Rehfeldt et al., 1992]. With new developments in stochas- 
tic subsurface hydrology, the scale of measurements has be- 
come an important issue in theory and practice of contaminant 
hydrogeology. A need exists for the quantification of measure- 
ment scales for available aquifer testing methods and develop- 
ment of new techniques that would enable aquifer properties 
(horizontal and vertical hydraulic conductivities) to be deter- 
mined at some given scale (see reviews by Molz et al. [1990], 
Dane and Molz [1991], Clausnet [1992], and Kabala [1993]). All 
methods of analysis of data generated by the available tests are 
based on the solution of parabolic or elliptic partial differential 
equations for groundwater flow. Unlike the case of hyperbolic 
equations, which arise in fluid dynamics, the induced flow 
theoretically has an infinite extent of influence. Therefore only 
by designing special geometry for aquifer testing can one cre- 
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Figure 1. Schematic diagram of dipole in (a) infinite, (b) confined semi-infinite, and (c) unconfined semi- 
infinite aquifers. 
ate flow patterns covering a limited region in the vicinity of the 
measuring device. Kabala [1993] has proposed the dipole flow 
test for measurement of horizontal hydraulic conductivity Kr, 
vertical hydraulic conductivity Kz, and specific storage coeffi- 
cient Ss at a predetermined scale. 
Before the work of Kabala [1993], analytical solutions for the 
drawdown and flow field induced by a recirculation well were 
not available. Previously, results were obtained through com- 
puter-intensive numerical simulations including detailed finite 
element and boundary element modeling and particle tracking 
methods [Herrling et al., 1991; Herrling and Stamm, 1992; Philip 
and Walter, 1992; MacDonald and Kitanidis, 1993]. Kabala 
[1993] extended Hantush's [1961] analytical solution to deter- 
mine the chamber drawdown in recirculation wells in a con- 
fined or leaky confined aquifer. However, an analytical descrip- 
tion of the kinematic structure of dipole flow or analysis of 
drawdown near the borehole was not given. These problems 
are important both for theory and practice. 
In this paper, new fully analytical expressions for drawdown 
and streamlines for dipole flow are derived. When aquifer 
boundaries are considered, the method of images [Muskat, 
1937] will be used. Analytical description of the kinematic 
structure of the flow will be obtained using Stokes' stream 
function [Milne-Thomson, 1960; Bear, 1972]. In order to focus 
on the effect of the dipole, we will assume ambient flow is 
negligible and will start with the relatively simple case where 
there are no aquifer boundaries near the dipole. The effect of 
nearby horizontal boundaries will also be considered. 
Applications of dipole flow theory will be given for typical 
recirculation wells where the chamber length is much larger 
than the well radius [Herrling et al., 1991; Herrling and Stamm, 
1992; Kabala and Xiang, 1992; Kabala, 1993; MacDonald and 
Kitanidis, 1993]. One area of application is the analysis of 
spatial characteristics of zones where recirculation is intensive 
(the region of influence of the dipole). A second is the outline 
of a simple method for identification of hydraulic conductivi- 
ties Kr and Kz from a few steady state dipole flow tests without 
transient measurements or computerized optimization. 
2. The Concept of the Region of Influence 
This section deals with the description of the region of in- 
fluence of a dipole consisting of a point source and a point sink, 
which is similar to that considered by MacDonald and Kitanidis 
[1993]. 
A coordinate system is given in Figure la. The dipole well 
has radius r w, chamber length 2A, and chamber separation 2D. 
The distance between chamber centers is 2L, with L = D + 
A. The dipole-induced drawdown s at any point in the aquifer 
is the difference between the contribution from the upper 
extraction chamber s- (drawdown) and the lower injection 
chamber s+ (buildup)' 
s=s--s +. (1) 
For estimation of the drawdown in the far field of the flow and 
an introduction to the concept of the region of influence, we 
consider the dipole consisting of a point sink at (0, L) and a 
point source at (0, -L), with h = 0. In subsequent sections 
we extend the concept of region of influence to the more 
general case of a dipole with finite chamber length. 
The drawdown at the point (r, z) induced in an anisotropic, 
compressible, infinite (in both the radial and vertical direc- 
tions) aquifer with specific storage coefficient S s by a continu- 
ous point sink (extraction) of strength Q at (0, L) is given by 
Carslaw and Jaeger [1959, pp. 257, 261]' 
s- (r, z, t) = 4 ,rK, R_ erfc 2 Kx•zt/' (2) 
R 2 = + (z-L) 2, a2 = KF 
- 
Similarly, the buildup induced by the source at (0, -L) is 
s+(r, z t) = 4•K•+ erfc 2• ' (3) 
R• = + (z + L) 2. 
In the case of an isotropic aquifer (a = 1), the values R• 
represent the geometrical distances from the source and sink 
to the obse•ation point (r, z). 
The drawdown at an arbitra• point for the transient case is 
given by formulas (1)-(3), and the maximum drawdown is 
achieved in the steady state: 
SF( L s(r,z, t) --• R_ L ) 4Kzt ' >> 
Q 
S r = 2 •rK, L ' 
(4) 
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After Taylor series expansion the drawdown for any point (r, z) at 
a large distance from the dipole center is 
L 2z 4 Kzt R 
s(r, z, t) --- sr R 3 , SsR2>> 1, •>> 1. (5) 
Thus the steady state drawdown along a ray (z/R fixed) in- 
duced by a dipole behaves as R-2, instead of R-1 as for the 
case of a single point source or sink. It can also be shown that 
for any point at a large distance from the dipole center, the 
vertical velocity component Vz is approximately given by 
Os LQ( 22 ) Vz(r, z, t) = Kz  z 2 yra2R 3 1 -- 3 •-• , 
(6) 
4Kzt m 
&R2>> 1, •>> 1. 
Thus the vertical velocity component vanishes with distance 
much faster than R -2, which is the case for a single point 
source or sink. 
Taking the half distance between chamber centers L as a 
unit length scale, the radius of the region of influence can be 
estimated as a distance where the induced drawdown is roughly 
1% of some reference value for the drawdown. The logical 
choice for a reference value is Sr (given in (4)), which is the 
value obtained by the substitution R = z = L in (5). Note that 
this is not actually the drawdown at the point (0, L), since (5) 
is not valid for R = L. From (5), 
Isl Llzl L a2L 2 
Sr R3 <•< r2. (7) 
Thus the drawdown is certainly less than 1% of the reference 
value if 
r > 10aL or Izl > 10L (8) 
Outside this zone, drawdown perturbations may be considered 
negligible. If the formula for the vertical velocity component 
(6) is selected for estimation of the influence radius, the region 
of influence will be even smaller. Note also that s is never 
greater than when at steady state; thus the estimate (8) for the 
region of influence gives an upper bound for the region af- 
fected by the dipole. It is important to notice that anisotropy 
significantly affects only the horizontal extent of the region of 
influence. The concept of the region of influence and its size 
will be revisited by analysis of the flow structure utilizing 
stream functions. 
An important question is what kind of boundary conditions 
should be used for determining drawdown invoked by dipole 
flow. A simple answer is suggested by the concept of the region 
of influence. 
1. If the nearest aquifer boundary is far outside the region 
of influence, dipole flow can be described using a model of an 
aquifer of infinite extent. 
2. If only one horizontal impermeable or low-permeable 
bed is near the region of influence, a model of a confined 
semi-infinite aquifer is appropriate. 
3. If the water table is near the region of influence, but a 
horizontal confining lower bed is not, the unconfined semi- 
infinite aquifer model is appropriate. The drawdown induced 
by the dipole depends on the distance to the water table and 
should be calculated using an appropriate boundary condition 
at the moving surface. 
4. If both upper and lower horizontal impermeable or low- 
permeable boundaries are near the region of influence, Kaba- 
la's [1993] aquifer model is appropriate. 
5. If the water table and a lower horizontal confining bed 
are both near the region of influence, an unconfined aquifer 
model should be applied. Neuman's [1974] well functions can 
be utilized if the recirculation flow rate is small. Otherwise, 
more complex nonlinear flow models should be applied [Mac- 
Donald and Kitanidis, 1993]. 
In the sequel, we derive (with finite chamber length) well 
functions for an aquifer of infinite extent (case 1), a confined 
semi-infinite aquifer (case 2), and steady state flow in an un- 
confined semi-infinite aquifer (case 3, simplified), and we de- 
velop of a more exact criterion for estimation of the region of 
influence of a dipole. Using Stokes' stream function, an anal- 
ysis of flow structure induced by a dipole will be given. 
A general numerical algorithm for determining aquifer pa- 
rameters using analytical expressions for transient drawdown 
for case 4 (generalizable to cases 1 and 2) is given by Kabala 
[1993]. The analytical expressions derived herein are accurate 
and simple; the computational efficiency of Kabala's algorithm 
for transient drawdown is thereby increased for cases 1 and 2. 
For the sake of brevity, only expressions for the drawdown in 
the upper (extraction) chamber will be given; the formulas for 
drawdown in the lower (injection) chamber are analogous. For 
an infinite aquifer, drawdown induced by a dipole centered at 
z = 0 is an odd function of z, so that formulas for the lower 
chamber may be obtained directly from formulas for the upper 
chamber. 
3. Dipole Flow in an Aquifer of Infinite Extent 
We now consider the drawdown induced by a dipole con- 
sisting of a linear source and sink uniformly distributed along 
the line r = 0 over the lower and upper chambers, respec- 
tively. The drawdown is then governed by the equations 
Kr O (as) O2s as ; r r•rr +Kz•=Ssot' (9) 
Os Q 
lim r -- = F(z) 
r-•0 0r 4 rrKrA ' 
F(z)= -1 z-Ll<zX 
F(z) = 1 z + LI < A 
F(z) = 0 otherwise 
(10) 
along with the condition s = 0 as r -• •c, z -• •c, and t = 0. 
The boundary condition (10) corresponds to a uniformly dis- 
tributed line source and sink, rather than the point source and 
sink of section 2. 
3.1. Local Transient Drawdown 
We introduce the scaled radial coordiilatc p and parameter 
q, given by 
r Q 
P = a q 4rrKrA, (11) 
to simplify the notation for the problem (9) and (10). Solution 
for a linear sink only (F(z) = - 1, z - LI < and F(z) = 
0 otherwise) was given by Hantush [1961, formula (2a)] for an 
aquifer of finite thickness. This solution can be significantly 
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simplified for the aquifer of infinite thickness and transformed 
for the coordinate system given in Figure 1. Deriving a similar 
solution for a linear source (F(z) = 1, I z + L I < zX, and 
F(z) = 0 otherwise) and using the principle of superposition, 
one obtains the drawdown at any point (r, z, t) induced by the 
dipole: 
s=• M--, -M--, 
+ M --, - M -- T T ' ' 
where the function M has been tabulated by Hantush [1961]: 
M(u, x) = y-•e -y erf (x x//•) dy, 
4Kzt 
r- z++=z_+L+_A. 
Ss ' 
(•3) 
z++ z+_ +•erfc r•- /i - • (g+_) ] gtq _r2/(a2r ) erfc r--•- + •e 
ß Ierf (;-•/•)- erf (;•-•-2)+ erf (z+r-•2)- erf (;-•2) 
with 
(•8) 
R2++ = p2 + z2++ = (r/a)2 + (z _+ L +_ A) 2. (19) 
3.4. Steady State Results 
Of particular interest are formulas for the steady state draw- 
down, average drawdown, and velocity components. From (12) 
and (16)-(18), with the aid of the formula [Hahtush, 1964, p. 
38] 
M(0, x) = 2 sinh-• x = 2 In (x/1 + x 2 + x), (20) 
one obtains the steady state local drawdown 
3.2. Upper Chamber Drawdown 
Hydraulic head measurements can be taken in the upper and 
lower chambers of a recirculation well. We define the upper 
chamber drawdown for a dipole S (t) to be the vertical average 
of the drawdown at radius r = r w, averaged over the screened 
portion of the upper chamber [Muskat, 1937]: 
1 f •+• S(t) = 5-• S(rw, z t) dz. (14) 
ß ' L-A 
Substitution of (12) into (14), with use of the property M(u, -x) = 
-M(u, x) and the definition 
fo • 2 -•) M•(u,x) -- M(u, v) dv =xM(u,x) + • (e-Uø+x2)- e 
+ 2(erfc x/•- x/1 + x 2 erfc x/u(1 + x 2) ), 
results in a formula for S (t)' 
qw[ S(t)=• 2M1 --, -M• , r r Pw 
(•5) 
(16) 
where Pw --- rw/a. 
3.3. Vertical and Horizontal Velocity Components 
Formulas for the vertical and horizontal velocity compo- 
nents are easily obtained from Vz = KzOs/Oz and Vr = 
KrOs/Or by differentiating (12) and using properties of the M 
function [Hahtush, 1964]' 
1 g__ g_+ Vz=•----•q[•-77_+erfc(r•)  1 •_ _ erfc (r--i77) 
g+_ 
+•erfc r• -•erfc r• ] , (17) 
Krq z z_+ R_+ 
V•=• •erfc r• -•erfc r• 
s• s •[sinh-•(z•)-sinh-•(z-•) 
+ sinh-• (z )- sinh-• (z -•) ]. (21) 
(Note that for A/L << 1, the steady state drawdown given by 
(21) reduces to the point source result (4).) Similarly, the 
steady state local velocities are 
Vz• Kzq[ 1 1 1 1 I (22) ' = 2 R_+ R__-t R+_ R++
__ _ Z++ Z+_ ] Krq z z + t k•5 ' (23) Vr,,•- 2r R_  R_+ R++ 
and the steady state upper chamber drawdown is 
L-A (2L - 2A) L+A A f Pw A 2L +2A) - --f pw , (24) 
where the function 
x/1 +x 2 f(x) = sinh-• x - --, (25) 
x 
has the asymptotic property 
f(x) --- sgn (x)(ln 2 xl- 1) + O(x-2), 
x 
Ix sgn (x) -- x ' 
(26) 
The formula for the upper chamber drawdown can be sim- 
plified considerably when the well radius is much smaller than 
the half distance between chambers D - L - A. Formula 
(26) may be used for all but the first occurrence of f in (24); 
one obtains an asymptotic formula for S o• valid for pw/D << 1: 
S• q[ ( x/4A2+p2w+2A ) x/4A +p2w Pw ---• 21n - pw • 
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- • In L - • In L ' qt(•, 0) 
When the well radius is much smaller than both the half 
distance between chambers D and the chamber half length A, 
(26) may be used throughout (24); one obtains a simple ex- 
pression for the upper chamber drawdown valid for pw/D << 
1, pw/A << 1: 
L-A -A) So•---q[ln(4•ww)-1 2&ln(LL 
2A In L ' (28) 
3.5. Stokes' Stream Function 
Stokes' stream function ½(r, z) is conveniently defined for 
steady state axisymmetric flow by the equations [Milne- 
Thomson, 1960; Bear, 1972] 
o q, os 
Or - Kzr •zz = r Vz,•, (29) 
Oq, Os 
0 Z : grr •-• = -rVr,o•, (30) 
q,(0, 0) = 0. 
The utility of this function is directly apparent from its defini- 
tion: the gradient of qt is orthogonal to the velocity in the 
rz-plane, so level curves of qt represent streamlines, and the 
upward discharge through a circle of arbitrary radius r in the z 
- 0 plane is given directly by the value of Stokes' stream 
function at the point (r, 0)' 
I02•' I0 r IO roe a o = 2 37 o) 
= 2rr½(r, 0). (32) 
To compute Stokes' stream function, we substitute (22) and 
(23) into (29) and (30) and obtain simple expressions for its 
derivatives: 
Oqt Q [ r r r r 1 r 8wa2A R_+ R__ + R+_ R++ 
Q 
8 •'A Or [R_+ - R__ + R+_ - R++], (33) 
Oqt Q [ z_+ z__ z+_ z++] z 8,rA R_+ R__ +R+_ R++ 
Q 
8,rA az JR_+ - R__ + R+_ - R++]. (34) 
These formulas, along with (31), determine Stokes' stream 
function uniquely as 
Q 
qt(r, z) = [4A + R_+ - R__ + R+_ - R++]. (35) 
For convenience, we define the normalized Stokes' stream 
function 
R__ - R_+ + R++ - R+_ 
--= 1- 4A . (36) 
Then the surface that confines the fraction 3' of the flow is 
given by W (r, z) = 3, or 
R__-R_++R++-R+_=4A(1- 3,), 0-<3,-<1. (37) 
Although Stokes' stream function has been defined in terms of 
the physical spatial coordinates (r, z), illustrations of the 
streamlines given by (37) can also be plotted with the normal- 
ized spatial coordinates (p, z). 
Formula (37) allows for the characterization of zones 
around the borehole according to the intensity of flow circu- 
lation. For 3, --> 0 the surface defined by (37) confines a van- 
ishingly small volume of aquifer. For 3, --> 1 this surface ex- 
pands outward and can be used to define the region of 
influence of the dipole. The simple analytical expression (37) 
allows determination of the shape of the surface bounding any 
percentage of the flow, without need for intensive numerical 
computations, as in previous studies [Herrling et al., 1991; Her- 
rling and Stamm, 1992; Philip and Walter, 1993]. 
4. Influence of Aquifer Boundaries 
We now consider briefly the case in which the dipole is 
located near an aquifer boundary; specifically, we assume a 
boundary at z = c (Figures lb and lc). In this section a 
subscript I will be used to denote any results from the infinite 
aquifer model of the previous section. 
If the boundary at z = c represents a confining layer, then 
there is no flow across the boundary. The transient drawdown 
s c at an arbitrary point of the semi-infinite aquifer is the 
solution of the problem given by (9) and (10) and the addi- 
tional conditions 
Sc(p, -c•, t) = Sc(C•, z, t) = Sc(O, z, O) = O, 
(38) 
OSc 
Oz (p,c,t)=O. 
The solution to this problem for drawdown can be obtained 
from the drawdown in an infinite aquifer (12) by adding a 
contribution from an antisymmetric dipole (mirror image with 
respect to the z = 0 plane). The center of the image dipole is 
located at z = 2c; thus 
Sc(p, z, t) = s•(p, z, t) - s•(p, z - 2c, t). (39) 
The normalized Stokes' stream function is obtained in the 
form 
Wc(r, z) = W•(r, z) - W•(r, z - 2c), (40) 
where W t is given by (36). Formulas for velocity components 
and the steady state formulas for drawdown and velocity com- 
ponents can also be obtained by superposition. According to 
formula (38), the impermeable boundary will cause the draw- 
down at z = c to be doubled compared to the same point in an 
infinite aquifer (since st(p, -z, t) = -st(p, z, t)), while at 
other points the mirror dipole will add a positive correction 
term smaller in magnitude than the infinite aquifer term &(p, z, t). 
The formula for the transient upper chamber drawdown can 
be obtained from (14) and (39): 
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Sc(t) =S,(t) +•- M• r ' Pw 
+ Mi( p2w c - 2L +2A ) ( p2w c-2L) - 2M1 , 'r ' Pw 'r Pw 
- + 2M• r ' 'r ' Pw 
( p2w c +2A) I (41) - m• r ' Pw ' 
where S/(t) is given by formula (16). 
The steady state upper chamber drawdown Sc• is obtained 
from (41) with r -• c•. In practice, pw/(C - L - A) << 1, so 
the asymptotic result (26) may be applied. The final formula 
for upper chamber drawdown is then 
• A In 1 c - L 
A In 1 + - -- In 1 - c-L A 
/X In 1+ , (42) 
where S/• is given by (27) or (28). 
The cases of an unconfined semi-infinite aquifer and an 
aquifer of finite thickness hould be treated separately [e.g., 
Dagan, 1967; Neuman, 1974; MacDonaM and Kitanidis, 1993; 
Zlotnik and Ledder, 1994]. 
5. Results and Discussion 
The analytical formulas for dipole flow characteristics are 
remarkably simple and important for both recirculation well 
design and aquifer parameter estimation. Of particular signif- 
icance are formula (28) for steady state upper chamber draw- 
down and formula (37) for streamlines. 
Formula (28) for upper chamber drawdown is simpler than 
Kabala's [1993] infinite series formula, which has modest con- 
vergence. It lends itself to analysis of such factors affecting 
upper chamber drawdown as hydraulic conductivity, anisot- 
ropy, and dipole design parameters. 
Results for streamlines previously could be obtained only by 
the use of numerical methods. Herrling and Stamm [1992] used 
200,000 finite elements, Philip and Walter [1992] used a particle 
tracking algorithm, and MacDonaM and Kitanidis [1993] used 
the boundary element echnique. The new formulas expressed 
through elementary functions provide both insight into the role 
of aquifer parameters in dipole flow and an important compu- 
tational tool to approximate results of previous numerical sim- 
ulations. 
5.1. Flow Field in an Infinite Aquifer 
The geometry of the region of intensive recirculation is of 
particular interest. Figure 2 illustrates the steady state flow 
induced by a dipole in an infinite aquifer. The solid curves are 
the streamlines marking out 70%, 80%, and 90% of the flow 
computed from formula (37). The dashed curves are equipo- 
tentials, computed from formula (21). Two different values of 
A/L were used (0.2 for Figure 2a and 0.8 for Figure 2b) in 
order to show the insensitivity of the far-field flow to the screen 
2 
z/L 0 
-2 
Ao 
0.0is 0O/o 
x/ 10.025 / •x 
• • 80ø/ø /• / / 0.0• •, • 
/ I -0.025 x 
0 2 4 6 8 10 
r/(aL) 
B. 
4 • •. ,,,0.0'75 •' • ø '/ ' // \ 80% ,' / 0.01 '""C.. 
.' . 0.0035\ OO/o.' 'X - ' \ 
/• i-0.025 \ / 'x 
-- '-0.075 /-"'"'"':--• • ", 
z/L 0 
0 2 4 6 8 10 
r/(aL) 
Figure 2. Flow around dipole with different chamber length 
A in infinite aquifer. Solid curves indicate streamlines confin- 
ing the given percentage of the flow. Dashed lines indicate 
equipotentials. (a) A = 0.2L, (b) /x = 0.8L. 
half-length A. Even the 70% streamline is essentially unaf- 
fected by the choice of A. The influence region of the dipole, 
in physical coordinates, has approximately the shape of a torus, 
with a cross section that is roughly elliptical far from the z axis 
and has horizontal major axis of length 10aL and vertical 
minor axis of length 8L. In the immediate vicinity of the dipole 
the streamlines are hyperbolas with foci at the ends of the 
extraction and injection chambers (see work by Milne- 
Thomson [1960, p. 458]). In the absence of aquifer boundary 
effects, points having Iz[ > 4L are outside the region of 
noticeable dipole flow. The small region of influence supports 
Kabala's [1993] suggestion to use a dipole to measure local 
values of aquifer parameters. 
Figure 3 illustrates the effect of changes in chamber half- 
length A on the near field of the dipole flow. The curves depict 
the steady state upper chamber drawdown as a function of the 
ratio of chamber length to the distance between chamber cen- 
ters for various values of pw/L, using formulas (24) and (28) 
(one should notice the use of S r, rather than q, for the draw- 
down scale in the figure). Unlike in the case of stream function 
and streamline computations, upper chamber drawdown is sig- 
nificantly affected by dipole design parameters. The approxi- 
mation of a dipole as a combination of point source and point 
sink [MacDonald and Kitanidis, 1993] should be used with 
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caution. Note that for the ranges of parameter values used in 
Figure 3, the simple asymptotic formula (28) provides a very 
good approximation to the more complicated formula (24). 
5.2. Flow Field in a Semi-Infinite Aquifer 
The steady state flow field induced by a dipole in a semi- 
infinite aquifer is compared to that for an infinite aquifer in 
Figure 4a. The 70%, 80%, and 90% streamlines for aquifers 
with no-flow boundaries at c = 2L, 5L, oo are compared using 
formula (40). We see that a no-flow boundary near the dipole 
has the effect of depressing and compressing the region of 
influence. Worthy of note is the observation that a no-flow 
boundary located just outside the region of influence of a 
dipole (the c = 5L example) affects only the flow significantly 
outside the 80% streamline. When the confining layer is inside 
the region of influence of the dipole, as is the case with c = 
2L, then the flow pattern is significantly changed. 
Figure 4b further illustrates the steady flow pattern for a 
dipole with a no-flow boundary at c = 5L, just outside the 
region of influence (formulas (39) and (40)). Comparison with 
the flow field for a dipole in an infinite aquifer (Figure 2) shows 
that the flow in the lower portion of the aquifer (z < 0) is not 
as strongly affected by the boundary as the flow in the upper 
portion. This is clearly to be expected from the conceptualiza- 
tion of the flow as equivalent o that produced by superposition 
of the physical dipole with a mirror dipole located above the 
confining layer. The effect of the mirror dipole decays with 
depth like 1/R 2, as in (5). 
The transient effect of a confining layer on dipole flow is 
illustrated in Figure 5. In both Figures 5a and 5b the time is 
given with respect to the timescale 
t r = SsL2/gz . (43) 
The drawdown in the far field is examined in Figure 5a with 
a comparison of the results for infinite (formula (12)) and 
confined (formula (39)) aquifers for points roughly located 
near the apex of the 70%, 80%, and 90% streamlines. The 
confining layer does not affect the flow in the earliest stages; 
the degree to which the flow is ultimately affected depends on 
the distance from the point being considered to the center of 
the mirror dipole at (0, 2c). 
The transient effect of the confining layer on the upper 
chamber drawdown is shown in Figure 5b. Here we see that the 
effect of a confining layer located at c = 5L is immeasurably 
small, and even the effect of a layer at c = 2L is not significant. 
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Figure 4. Effect of impermeable boundary location on steady 
groundwater flow around dipole (A = 0.5L). (a) Position of 
70%, 80%, and 90% flow streamlines for the distance of dipole 
center from the boundary c = 2L (dotted lines), c = 5L 
(dashed lines), and c = oo (solid lines). (b) streamlines (solid 
lines) and equipotentials (dashed lines) for c = 5L. 
Note also that the steady state is reached rather quickly. For 
sandy aquifers (Ss = 0.0001-0.001 l/m, Kz = 0.00001-0.0001 
m/s) with L = 1-5 m, the reference time is t r = 1-2500 s. 
Therefore the right edge of Figure 5b can be generally reached 
within a few hours, and often much faster. 
5.3. Steady State Dipole Flow Test 
Technically, a dipole flow test can be performed in wells with 
screen diameter as small as r w = 0.05 m. In most aquifers the 
anisotropy coefficient a is at least 1, so for chamber separation 
2D = 1 m, and screen length on the order of 1 m, we have 
pw/A and pw/D on the order of 0.1. From (26) the error caused 
by applying (28) is on the order of the squares of these ratios 
(1%); hence (28) is sufficiently accurate for practical use. The 
formulas can be rewritten as 
5 
O.02 
0.1 0.04 
0 0.2 0.4 0.6 0.8 1 
A/L 
Figure 3. Dimensionless steady drawdown S•/sr in single 
chamber as a function of chamber half length A/L for different 
values of dimensionless chamber radius rw/(aL). 
Q [4a•(A)A] S•--• 4,rK•• In -- , el' w 
(44) ( •2 ),k/2(• _ 11) /2 k O ß (x)= x2_i x+ , x=•=i+A, 
where e = 2.7182.... The function ß (shown in Figure 6) 
increases monotonically from 0.5 to 1.0 as • increases from 1 to •. 
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Figure 5. Transient drawdown induced by a dipole (/X = 0.5L) in an infinite aquifer (solid line) and a 
confined semi-infinite aquifer (dashed line) with boundary at the distance c = 5L from dipole center. (a) 
Local drawdown s(r, z, t)/$ r at the points (p, z) = (L, L), (2L, 2L), and (SL, 4L) as a function of 
dimensionless time. (b) Drawdown S(t) in a single chamber with dimensionless radius rw/(aL) = 0.04 
corrected for anisotropy in infinite and semi-infinite aquifers. 
This formula clearly shows logarithmic dependence of upper 
chamber drawdown on the anisotropy ratio a. This readily 
explains results obtained numerically [Herrling et al., 1991, Fig- 
ure 9b; Kabala, 1993, Figure 3]. 
As an example of possible application to a dipole flow test, 
consider a deep alluvial sand and gravel aquifer with horizontal 
hydraulic conductivity Kr - 100 m/day and anisotropy ratio 
given by a 2 = Kr/K z = 9. A flow rate of Q = 50 m3/day is 
common for small submersible pumps. Consider a pair of tests 
in a well of radius rw = 0.1 m employing a constant central 
packer length (D = 1.0 m) and two chamber lengths (A• = 0.3 
m, A2 = 0.5 m). The corresponding values of upper chamber 
drawdown will be S• - 0.33 m, S2 = 0.23 m. For an isotropic 
aquifer (a - 1) the corresponding drawdown values will be 
S• = 0.18 m, S2 = 0.15 m. Even for highly conductive 
materials, these drawdown values are easily detectable and sen- 
sitive enough to changes in the values of the control parameter. 
The steady state dipole flow test allows for flexible design. 
Two dipole design parameters (A, X) control the steady state 
upper chamber drawdown. It is therefore possible to fix the 
chamber length 2A, the central packer length 2D, or the ratio 
D//x while varying the other two of these quantities, or it is 
possible to vary all three of these quantities in order to maxi- 
mize the range of the product •(X)/X that appears inside the 
natural logarithm of (44). 
For example, using chamber length as a control parameter, 
one could perform two dipole flow tests. For chamber lengths 
2/X• and 2A 2 and fixed length of central packer, the correspond- 
ing steady state upper chamber drawdowns S• and S2 are 
measured. From direct substitution into (44), the parameters 
of interest are given by the formulas 
Q [ (I)(•'2) A ]Kr = 47r(S2A2_ SiAl) In *(A•X•]' 
= exp 1 + , i= 1,2. a 4•(Ai)Ai 
(45) 
The estimate of anisotropy a is more sensitive to measurement 
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Figure 6. The dipole shape function cI)(X). 
errors than the estimate of Kr, similar to the results of Kabala 
[1993, p. 105]. Using the design parameters Q, rw, D, A•, and 
A 2 from the previous example, with experimental measure- 
ments S• - 0.34 m, S2 - 0.24 m (allowing for a small 
measurement error), one obtains the results Kr = 101 m/day, 
a = 3.3. With more than two measurements, one might use 
the prediction (from (44)) that a graph of S•A versus In 
[tI)(X)A] should be linear. 
Owing to the diversity of hydrogeological conditions, the 
uniform anisotropic aquifer model may not be applicable in 
some situations of practical interest. Dipole test results can be 
strongly affected by natural aquifer heterogeneity and the skin 
effect. In particular, dipole flow tests can be more sensitive to 
skin than other single-borehole methods that invoke mainly 
horizontal flow. 
boundary near the region of influence [Zlotnik and Ledder, 
1994]. 
When two horizontal impermeable boundaries are located 
within the region of influence of a dipole, Kabala's [1993] 
confined aquifer model with Hantush's [1961] well function can 
be applied. If the water table and a lower horizontal imper- 
meable boundary are located within the region of influence 
and the water table inflection is small, then an unconfined 
aquifer model should be used with the well function of Neu- 
man [1974]. Otherwise, more complex nonlinear models 
should be applied [MacDonald and Kitanidis, 1993]. 
Analytical expressions for Stokes' stream functions were de- 
rived and applied for dipole flow analysis in subsurface flow. 
These functions efficiently describe the streamlines in the flow 
and can be used to delineate regions with intensive water 
circulation in aquifers with negligible ambient flow. Examples 
of the flow field determined with Stokes' stream function show 
that the dipole chamber length can be neglected in estimation 
of the region of influence, but it is important in estimation of 
the flow in the immediate vicinity of the dipole chambers and 
particularly for the chamber drawdown. 
For the practically important case when the chamber length 
is much larger than the well radius, simple formulas show the 
dependence of the upper chamber drawdown on the chamber 
length, radius, and interchamber distance. The steady state 
drawdown is seen to be logarithmicly dependent on the anisot- 
ropy ratio. Methods for identifying the horizontal hydraulic 
conductivity and the anisotropy ratio might be based on the 
formulas for steady state upper chamber drawdown. 
6. Conclusions 
Dipole flow is the flow induced in an aquifer with negligible 
ambient flow by a combination of a uniformly distributed line 
(or point) source and a sink having the same geometry, located 
on the z axis and separated by a finite length 2L. The region 
of influence of a dipole may be taken to be the region within 
the stream surface containing 90% of the flow. With this def- 
inition the region of influence of a dipole extends to approxi- 
mately 10aL in the radial direction and 4L in the vertical 
direction (from the dipole center), where a is the anisotropy 
ratio (Kr/K•) •/2. The spatial scale over which intensive water 
circulation occurs in the aquifer can be controlled by modifi- 
cation of the distance between the chamber centers and to a 
lesser extent by the chamber length. 
When considering the drawdown and flow field produced by 
a dipole in an aquifer, several different models may be em- 
ployed, differing in the treatment of aquifer boundaries. If the 
dipole is placed so that no boundary is near the region of 
influence as described above, then the infinite aquifer model 
can be conveniently used. Both transient and steady state for- 
mulas for the drawdown are given in terms of known functions 
that can be et•ciently computed. Use of the infinite aquifer 
model offers a significant reduction in computational efforts 
for approximating the flow in the vicinity of a recirculation 
well. 
The infinite aquifer model is easily generalized to the case of 
a single horizontal impermeable boundary located within the 
region of influence of the dipole. This semi-infinite model also 
applies for the steady state solution in the case where the water 
table (but no lower horizontal boundary) is located within the 
region of influence. Both the radial and vertical extent of the 
region of influence are reduced by the presence of a horizontal 
Notation 
a anisotropy ratio, where a 2 = Kr/K z 
(dimensionless). 
c location of horizontal aquifer boundary relative 
to the dipole center (L). 
D half distance between chambers, where D = 
• - •X (L). 
F(z) function for description of sinks and sources 
(dimensionless). 
Kr, g z horizontal and vertical hydraulic conductivities 
(L/T). 
L half distance between dipole chamber centers (L). 
M, M• Hantush well. function and its definite integral 
(dimensionless). 
• discharge of extraction chamber of dipole 
(linear or point) (L3/T). 
q discharge parameter, where q = O/4•-K,.A (L). 
r radial coordinate (L). 
r,• well radius (L). 
R_, R + + distances from different characteristic points of 
the dipole, corrected for anisotropy (L). 
s local drawdown in the aquifer (L). 
S r reference drawdown, where S r = Q/2,rKrL (L). 
s --+ drawdown (-) in extraction chamber and 
buildup (_+) in injection chamber (L). 
S vertical average of drawdown over the upper 
chamber (L). 
Ss specific storage coefficient (l/L). 
t time. 
Vr, Vz Darcy velocity components in cylindrical 
coordinates (L/T). 
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vertical coordinate measured upward from 
dipole center (L). 
vertical distances from different characteristic 
points of dipole (L). 
fraction of total flow within a given streamline 
(dimensionless). 
half length of dipole chamber (L). 
ratio of interchamber distance to chamber 
length, where )t = L/A (dimensionless). 
radial coordinate corrected for anisotropy, 
where p = r/a (L). 
well radius corrected for anisotropy, where 
Pw = rw/a (L). 
parameter, where z = 4Kzt/S s(L2). 
dipole shape function (dimensionless). 
Stokes' stream function (L3/T). 
normalized Stokes' stream function 
(dimensionless). 
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